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Abstract. A sum rule for determining |Vus| from a combination of hadronic τ decay and electro-
production data is discussed. Indications of problems with analogous, purely τ-decay-based anal-
yses, most likely associated with slow convergence of the relevant D = 2 OPE series, are out-
lined, and advantages of the mixed sum rule approach identified. With current data, one obtains
|Vus| = 0.2208(39)exp(3)th, a determination amenable to significant near-term reduction in experi-
mental error, and with the smallest theoretical error of all current |Vus| determinations.
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In the SM, with ΓhadV/A;ud the τ width to hadrons through the flavor i j V or A current,
Γe the τ electronic width, yτ = s/m2τ , and SEW a known short-distance EW correction,
RV/A;i j = ΓhadV/A;i j/Γe is related to the spectral functions ρ
(J)
V/A;i j(s) of the spin J scalar
correlators, Π(J)V/A;i j(s), of the V/A current-current two-point functions by [1]
dRV/A;i j/dyτ = 12pi2SEW |Vi j|2
[
w(00)(yτ)ρ
(0+1)
V/A;i j(s)−wL(yτ)ρ
(0)
V/A;i j(s)
]
, (1)
where w(00)(y) = (1−y)2(1+2y), wL(y) = 2y(1−y)2 and, apart from the pi and K pole
terms, ρ(0)V/A;i j(s) are O
[
(m j∓mi)2
]
. The basic finite energy sum rule (FESR) relation for
the correlators associated with the spectral function combinations in Eq. (1), generically
∫ s0
0
w(s)ρ(s)ds = − 1
2pii
∮
|s|=s0
w(s)Π(s)ds , (2)
and valid for all s0, and any analytic w(s), yields an equivalent contour integral repre-
sentation for RV/A;i j, one that can be turned into an OPE representation through the use
of the OPE representation of Π(s), for sufficiently large s0, on the RHS of Eq. (2) [2].
This OPE representation turns out to be extremely badly behaved for the purely J = 0
component [3], necessitating a focus on the J = 0+1 component alone. This is possible
because (i) J = 0 contributions to dRV/A;i j/dyτ are dominated by the accurately known
pi or K pole terms, if present, and (ii) remaining small, but not-completely-negligible,
O
[
(ms∓mu)
2]
-suppressed i j = us, J = 0 contributions can be estimated with suffi-
cient accuracy using sum rule and dispersive constraints [5, 6]. Defining the resulting
J = 0+1, w(s)-weighted spectral integrals by
RwV/A;i j(s0) ≡ 12pi
2SEW |Vi j|2
∫ s0
0
ds
m2τ
w(s)ρ(0+1)V+A;i j(s) , (3)
one may form flavor-breaking differences
δRwV+A(s0) =
[
RwV+A;ud(s0)/|Vud|
2] − [RwV+A;us(s0)/|Vus|2] , (4)
whose OPE representation begins with a D = 2 contribution ∝ m2s which, for typical
w(s), is much smaller than the corresponding RwV+A;ud,us(s0). Taking |Vud | and OPE input
from elsewhere one obtains the conventional pure-τ-based |Vus| determination [7, 8]
|Vus| =
√√√√ RwV+A;us(s0)RwV+A;ud(s0)
|Vud |2
−
[
δRwV+A(s0)
]
OPE
, (5)
which has been argued to have OPE-induced uncertainties as small as 0.0005. A po-
tential problem with this estimate results from the slow convergence of the D = 2 OPE
series for the relevant correlator difference, ∆Πτ =Π(0+1)V+A;ud−Π
(0+1)
V+A;us, which, in the MS
scheme, with a = α s(Q2)/pi , Ms = ms(Q2), has the form [9]
[
∆Πτ(Q2)
]OPE
D=2 =
3
2pi2
M2s
Q2
[
1 + 7
3
a + 19.93a2 + 208.75a3 + · · ·
]
, (6)
a result which shows very slow convergence given that a∼ 0.1 for Q2 ∼m2τ . Fortunately,
cross-checks are possible. Not only can |Vus| be evaluated using different s0 and w(s),
but the integrated D = 2 series can be evaluated (i) using the truncated version of
either [∆Πτ ]D=2OPE itself or the corresponding Adler function, and (ii) using either the
contour improved (CIPT) or fixed order (FOPT) prescription. The latter two options
yield four combinations which differ from one another only through contributions of
order higher than the truncation order. Eq. (5) should then yield |Vus| compatible within
error estimates for any sufficiently large s0, any w(s), and any of these four evaluation
schemes. With current data [10, 11], however, one finds that this is not the case. While
changing from the O(a3) to estimated O(a4) version of the Adler function-plus-CIPT
scheme does yield a small (∼ 0.0003) estimate for the corresponding theoretical error
component, changing instead from the O(a3) Adler function-plus-CIPT scheme to, e.g.,
the [∆Πτ ]D=2OPE-plus-FOPT evaluation yields a shift in |Vus| of ∼ 0.0023. In addition,
as shown in the left panel of Fig. 1 (see Refs. [12, 13] for details, including more
information on the weights employed), (i) significant instability of |Vus| with respect
to s0 is seen, especially for the conventionally employed kinematic weight, w(00), and
(ii) even at the highest accessible scale, s0 = m2τ , non-trivial (∼±0.0014) variation with
w(s) is seen. While there is clear evidence of convergence towards a common value,
albeit at s0 higher than the kinematic endpoint s0 = m2τ , and some of the s0-instability
and w(s)-dependence might be attributable to problems with the existing low-statistics
dRV+A;us/ds data, it is hard to justify as sufficiently conservative estimates of theoretical
uncertainties below ∼ 0.0020 until such time as, at least, (i) the relative reliability of the
CIPT and FOPT schemes, and (ii) the origins of the observed s0-instability and w(s)-
dependence are further investigated and better understood.
A solution to the larger-than-ideal current theoretical uncertainty in the ∆Πτ-based
determination of |Vus| is to consider analogous FESRs based on correlator differences
with OPE contributions strongly suppressed already at the correlator level. A useful
flavor-breaking correlator combination having this property is [12]
∆Πτ,EM ≡ 9ΠEM − Π(0+1)V+A;us − 5Π
(0+1)
V ;ud + Π
(0+1)
A;ud , (7)
where ΠEM is the scalar EM current-current correlator. ∆Πτ,EM is constructed to make
exactly zero the leading term in the D = 2 OPE series. One finds that, with this choice,
other terms in the D = 2 series are also significantly suppressed, explicitly,
[
∆Πτ,EM(Q2)
]D=2
OPE =
3
2pi2
M2s
Q2
[
0 + 13a + 4.3839a
2 + 44.943a3 + · · ·
]
(8)
which should be compared to Eq. (6). Fortuitously, D = 4 contributions are also sup-
pressed for ∆Πτ,EM relative to ∆Πτ . Explicitly,
[∆Πτ,EM]OPED=4 =
2
Q4
[
〈mℓℓℓ〉 − 〈msss〉
](
0− 4
3
a −
59
6 a
2
)
(9)
[∆Πτ ]OPED=4 =
2
Q4
[
〈mℓℓℓ〉 − 〈msss〉
](
1 − a −
13
3 a
2
)
. (10)
The D = 2 and 4 suppressions are, however, not the result of some additional symmetry
since, e.g., the D = 6 contribution in the vacuum saturation approximation is a factor of
9/2 larger for ∆Πτ,EM than for ∆Πτ . This is not a problem for the |Vus| determination
since, if one uses weights w(y) with y= s/s0, integrated OPE contributions of D= 2k+2
scale as 1/sk0 allowing any problems with assumed input values for combined D ≥ 6
condensate combinations to be exposed through a study of the s0-dependence of the |Vus|
produced by the analogue of Eq. (5) for FESRs based on ∆Πτ,EM [12]. The right panel
of Fig. 1 shows the results for |Vus| for a number of such ∆Πτ,EM FESRs. Results are
shown, corresponding to τ , i j = us and EM spectral data current as of October 2008 [11],
for the conventional τ kinematic weight, w00, the weight wˆ10 which produced the best
s0-stability for the ∆Πτ FESR, but is expected to have enhanced D > 4 contributions in
the ∆Πτ,EM case, and for a selection of the weights, wN(y) = 1− NN−1y+
yN
N−1 , employed
in the recent τ determination of αs [14]. The latter are useful since they have only a
single, numerically suppressed D = 2N + 2 contribution beyond D = 4. As one sees
from the figure, most of the weights produce excellent s0-stability plateaus, and even
the less stable wˆ10 case converges nicely to the common value obtained using the other
w(y) as s0 → m2τ . Updating the results of the figure for subsequently posted strange τ
branching fraction results [11], one finds [13]
|Vus|= 0.2208(39)exp (3)th (11)
where the experimental error is due roughly equally to uncertainties in the τ us and
residual EM spectral integrals. The theory error includes the uncertainty in the J = 0
phenomenological subtraction, and is an extremely conservative one [12], one, more-
over, born out by the s0-stability and w(y)-independence at s0 = m2τ of the relevant re-
sults. Experimental errors should be subject to significant near-term improvement, mak-
ing this method, with its very small theoretical error, an attractive one for generating a
|Vus| determination independent of the conventional ones based on K physics.
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FIGURE 1. |Vus| versus s0 from the ∆Πτ (left panel) and ∆Πτ,EM (right panel) FESRs for various w(s).
w(00) is the conventional kinematic weight. See Ref. [12] for details of the other weights.
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